The quantum Hall effect is studied in a spherical geometry using the Dirac operator for noninteracting fermions in a background magnetic field, which is supplied by a Wu-Yang magnetic monopole at the centre of the sphere. Wave functions are cross-section of a non-trivial U (1) bundle, the zero point energy then vanishes and no perturbations can lower the energy. The Atiyah-Singer index theorem constrains the degeneracy of the ground state. * bdolan@thphys.nuim.ie
The fractional quantum Hall effect is also studied in the composite Fermion model. Vortices of the statistical gauge field are supplied by Dirac strings associated with the monopole field. A unique ground state is attained only if the vortices have an even number of flux units and act to counteract the background field, reducing the effective field seen by the composite fermions. There is a unique gapped ground state and, for large particle numbers, fractions ν = 1 2k+1 are recovered.
I. INTRODUCTION
The quantum Hall effects, both integer and fractional, have been a fascinating area of study ever since their first discovery. Laughlin constructed trial ground state wave functions on the plane in [1] and Haldane [2] considered a model of particles moving on the surface of a magnetic sphere -a sphere with a magnetic monopole at the centre. It is common in such analyses to ignore the electron spin, since in strong magnetic fields it is assumed that electron spins are split and only the lower energy state is relevant to the problem so the spin can be ignored. In constructing the wave functions the particles are essentially considered to be spinless, but obey Fermionic statistics so that the many particle wave-function is antisymmetric. In particular the spin connection for spin-1 2 particles moving in a curved space plays no role in Haldane's construction. Neither does the topology of the sphere play any real role, the sphere is merely a mathematical device that simplifies the analysis.
However the mathematics of Fermions on compact manifolds is very rich in both geometry and topology. In particular the Atiyah-Singer index theorem tells us that the Dirac operator on a sphere with a magnetic monopole at the centre has zero modes and an energy gap and constrains the number of positive and negative chirality zero modes. This is true both relativistically and non-relativistically, the mathematics is essentially the same in both cases (the latter is basically the square of the former).
There is a number of advantages in focusing on these zero modes: they are topological, for any fixed monopole charge they must always be there even if the magnetic field is distorted (provided the total magnetic charge does not change), and are therefore topologically stable and they ensure that the zero point energy vanishes, there is an absolute minimum for the energy which no perturbation can reduce. The number of zero modes is constrained by the index theorem, for a magnetic monopole of charge m the difference between the number of positive chirality zero modes n + and the number of negative chirality zero modes n − is 1
where m is an integer (the first Chern class of a U (1) bundle). In particular if m is positive n + can vanish in which case
There is a choice of sign on the right hand side which depends on the definition of chirality, in our conventions it will be −m.
while if m is negative n − can vanish and then n + = m.
When the zero modes have only one chirality the number of linearly independent zero modes is exactly |m| this reflects the degeneracy of the ground state. The fractional quantum Hall effect is then studied in the context of Jain's composite Fermion picture [3] . Magnetic vortices, represented by Dirac monopoles for which the Dirac string is viewed as a physical vortex of strength v and is not a gauge artifact, are attached to the electrons. The resulting composite particles move in the total magnetic field generated by the monopole plus the vortices. For the wave function (a cross-section of a U (1) bundle) to be free from singularities the vortices necessarily have strength |v| = 2k, where k is an integer, and act so as to reduce the strength of the uniform background field. Again zero modes can be constructed, equation (40), and there is a unique ground state with an energy gap and for large N the filling factor is ν = 1 2k+1 . This ground state can be related to Laughlin's ground state wave-function for the fractional QHE through a singular gauge transformation that removes the vortices.
The layout of the paper is as follows. In §II we review the Dirac operator on the surface of a sphere with a magnetic monopole at the centre. In §III zero modes are constructed and shown to give a stable ground state with an energy gap for filling factor ν = 1. For completeness wave-functions for energy eigenstates in the higher Landau levels are exhibited in terms of Jacobi polynomials in §IV. Vortices are introduced and ground state wave functions for the fractional quantum Hall effect are presented in §V. The results are summarized and conclusions presented in §VI.
II. THE DIRAC OPERATOR ON A SPHERE

A. The Hamiltonian
The full spectrum and eigenfunctions of the Dirac operator on a sphere in the absence of a magnetic monopole were studied in [4] . On a magnetic sphere the spectrum can be derived from group theory [5] . The eigenstates can be expressed simply in terms of Jacobi polynomials which were found to describe spinless particles on a magnetic sphere by Wu and Yang [6] .
First consider a single non-relativistic spin-1 2 charged particle of mass M confined to move on the surface of a sphere with a magnetic monopole at the centre of the sphere. The
Hamiltonian is
where iiD / is the (Hermitian) Dirac operator in the presence of the monopole and the sphere has unit radius. This is bounded below and if there are zero modes of the Dirac operator they must be ground states with vanishing zero point energy.
The gauge potential for a monopole at the centre of the sphere is taken to be
(the upper (lower) sign is for the upper (lower) hemisphere). The monopole charge is
with m an integer.
We shall use a complex co-ordinate on S 2
in terms of which
and
Choosing γ 1 = σ 1 , γ 2 = σ 2 the Dirac operator on the unit sphere is
with
on the northern hemisphere (for electric charge e = −1). More explicitly
which is anti-hermitian.
The curvature associated with the co-variant derivatives is
The spin connection can be viewed as effectively increasing the magnetic charge by one for positive chirality spinors and decreasing it by one for negative chirality spinors.
C. Angular Momentum
The energy eigenstates can be classified by additional quantum numbers, in particular angular momentum will be a good quantum number but the definition involves some subtleties. There are two aspects to the discussion of angular momentum: the presence of the magnetic field and the orthonormal frame necessary to define spinors. The former can be accommodated by defining
but in the presence of a magnetic field the algebra does not close, rather
In particular for a monopole field
but this can be countered by defining [7] J a = L a − mx a 2r ,
giving a closed algebra
In terms of z,
But this is not sufficient, Lie derivatives will also drag the orthonormal frame. In the absence of any magnetic field the Lie derivative of a spinor ψ with respect to a vector field L can be defined as [8] 
where γ ij = 1 2 (γ i γ j − γ j γ i ) and dL is the exterior derivative of the 1-form metric dual to the vector L. In terms of z,
The prescriptions (9) and (10) can be combined to give the Lie derivative of a spinor in the presence of a magnetic monopole at the centre of the unit sphere in the following way
on the northern hemisphere. These satisfy
The square of the Dirac operator is related to the quadratic Casimir J 2 ,
The eigenvalues of the Dirac operator on a coset space can be calculated from group theory, [5] . For the sphere S 2 ≈ SU (2)/U (1), with a monopole at the centre,
with degeneracy 2n + |m|, where n is a non-negative integer. Thus, with J 2 = J(J + 1)1,
There are zero-modes when m = 0 but when there is no background field n cannot vanish, in accordance with the Lichnerowicz theorem [9] .
III. ZERO MODES
Spinors can be decomposed in terms of chiral eigenstates
Positive and negative chirality zero modes satisfy
respectively. From (4) and (5) it is immediate that, on the northern hemisphere,
satisfy these equations for any powers p andp. However p andp must be non-negative integers for χ ± to be well behaved at the north pole. We also want χ ± to be finite at the south pole, where |z| → ∞, so we must also require thatp − m + 1 ≤ 0 and p + m
Thus, since p andp are non-negative, positive chirality zero modes require 0 ≤p ≤ m − 1 and negative chirality zero modes require 0 ≤ p ≤ −m − 1. We see that for a positive chirality zero mode to exist it must be the case that m ≥ 1 while a negative chirality zero mode requires m ≤ −1. For no value of m is there both positive and negative zero modes.
The index theorem then tells us that
Thus for m ≥ 1,p = 0, . . . m − 1 exhausts the possibilities and for m ≤ −1, p = 0, . . . |m| − 1 exhausts the possibilities.
The most general (un-normalised) zero modes are linear combinations of (15) and (16) with constant co-efficients,
We shall analyze the m < 0 case (for positive m simply complex conjugate the ground state wave functions). The single particle ground state (17) has degeneracy |m|, which is a consequence of the index theorem.
The quantum Hall effect is a many particle phenomenon. Suppose we have N identical particles on the sphere and denote their co-ordinates by z i , i = 1, . . . , N . Ignoring interactions between the particles the Hamiltonian is
The total ground state has zero energy and again consists of zero modes, but now for the zero mode associated with particle i the co-efficients a p or ap can be polynomials of the other N − 1 co-ordinates. The most general multi-particle ground state is 
Thus there is a unique stable ground state if and only if the filling factor
These are ground-state wave functions, the spherical versions of the Laughlin wave-functions on the plane for the integer quantum Hall effect. For a sphere of radius R the energy gap is
In the planar limit, R → ∞, N → ∞, keeping the particle density ρ = N 4πR 2 finite, the energy gap is
where eB h = |m| 4πR 2 .
IV. HIGHER LANDAU LEVELS
When N > |m| some particles must go into the second Landau level. The energy eigenfunctions in the second Landau level can be described by Jacobi polynomials, P (α,β) n (cos θ).
For spinless particles Jacobi polynomials were found in [6] , for fermions Jacobi polynomials again appear but the details differ due to the spin-connection [10] .
The eigenspinors of −iD / with λ n = ± n(n + |m|), n ≥ 1, are perhaps best exhibited using polar co-ordinates (θ, φ) (on the northern hemisphere)
where α = −n, . . . n + |m| labels the 2n + |m| independent degenerate states and β is fixed by α + β = |m| − 1 and
The higher Landau levels now have both chiralities at the same energy level, but these can be separated by adding a Zeeman splitting term µ|m|(1 − σ 3 ) to the Hamiltonian.
The second Landau level corresponds to n = 1 and has degeneracy |m| + 2. By the same argument as before the anti-symmetrized ground state multi-particle wave function is degenerate unless N = |m| + (|m| + 2) = 2(|m| + 1), in which case the filling factor is
The resulting wave-function is non-degenerate, it is stable under perturbations and the energy gap between the second and third Landau levels is
3 The eigenspinors are associated with irreducible representations of SU (2) and are also expressible as Repeating the argument for larger, but finite, n we recover the integer quantum Hall effect in the limit of large N . There is a unique stable ground state when the n-th Landau level is fully filled
The energy gap between level n and level n + 1 is
In the planar limit
as expected.
V. FRACTIONAL FILLING FRACTIONS
Fractional filling fractions in the quantum Hall effect can be understood in terms of flux attachment [3] . A statistical gauge field is introduced and the effective degrees of freedom are composite objects consisting of electrons bound to statistical gauge field vortices. These vortices then reduce the effective field seen by the composite fermions.
The gauge potential describing a uniform flux through the sphere arising from a monopole with charge m at the centre of the sphere together with N − 1 vortices each of strength v piercing the sphere at points z j is described in the appendix, (A6) and (A7). The gauge potential is
The field strength is
The spectrum of the Dirac operator can be determined when there are magnetic vortices threading through the surface of the sphere in addition to a monopole at the centre. Omitting the self-energy of a composite fermion with its own vortex, and assuming all the vortices have the same strength v i = v, the Dirac operator (3) on the northern hemisphere then involves covariant derivatives
Using the identities
The index over the whole sphere, including the points associated with the vortices, is
If the points representing the vortices are excluded the index over the sphere minus N − 1 points is 4
Zero modes of (26) are
with − v 2 ≥l for regularity at z j . 5 Similarly zero modes of (27) are 4 This requires using index theorem for a manifold with boundary (the Atiyah-Patodi-Singer index theorem)
where the points are excised. But a careful analysis, using the techniques described in [11] , shows that the boundary terms arising from small circles surrounding the excised points give no contribution to the index. 5 Whenl ≤ 0 this is immediate, whenl > 0 we invoke
However (30) are not all linearly independent, one could take linear combinations withz i dependent co-efficients to construct a numerator that has powers ofz −z i which changel,l andp are not independent in (31). Similarly l and p are not independent in (30). We seek a criterion for constraining l andl and we shall explore this by looking at the transformation properties under rotations. Of course SU (2) is no longer a symmetry when there are vortices present, but we can still ask how the wave functions (30) and (31) change under rotations.
In the presence of vortices the spinor Lie derivatives introduced before (11) are modified to
on the northern hemisphere. These generate SU (2) at any point on the sphere away from the vortices, but not at the vortices themselves -at the vortices there will be delta function singularities that prevent the algebra from closing. The algebra is well defined and closes on the sphere with N − 1 points removed.
This implies that J 3 commutes with the Dirac operator on the sphere with N − 1 points removed. A short calculation gives
if v and l are both positive. Choosing l = v 2 results in
and χ + is an eigenfunction of J 3 on the punctured sphere with the N − 1 points removed.
We restrict p to be a non-negative integer, so as to render χ + well behaved 6 at z = 0, and take m < 0 with p ≤ |m| − 1 so that χ + is well behaved as |z| → ∞. Then
Singularities at the points z j are evident here as the phase of (35) is undefined there when v = 0. So the points with the vortices have to be excised from the sphere and the index on the punctured sphere is given by (29) . There are no normalisable negative chirality zero modes when m is negative, as can be checked explicitly, so n + = |m|. For χ − the analysis is similar, except m > 0 and (35) is complex conjugated.
Excising points and using (35) for the zero modes may seem natural from a mathematical point of view but physically it is not satisfactory. In the flux attachment picture each of the vortices is attached to a particle and we wish to include all the particles in the dynamics, we do not want to remove these points. We can avoid excising points yet still satisfy the index theorem by choosing l = − v 2 . Now
is well behaved for p ≥ 0, v = 2k ≥ 0, where k is an integer, and
where m = m + 2k(N − 2). Thus m ≤ −1 for positive chirality zero modes (there are no normalisable negative chirality zero modes for negative m ). The index is now (28) and n + = |m |. With 0 ≤ p ≤ |m | − 1 equation (36) then is a complete set for the zero modes, though they are not eigenstates of J 3 . m is the effective magnetic charge the composite fermions see, since m and m are both negative |m | < |m| and the composite fermions move in a weaker field than that generated by the monopole m, a consequence of the vortices is that the composite Fermions effectively move in a weakened background field.
The net result is that, if we do not wish to excise the vortices from the sphere, then the number of zero modes for negative m is |m | and
with v = 2k > 0 and m = m − 2(N − 1)k < 0. The vortices necessarily have even charge and act to oppose the background monopole field, thus reducing the effective magnetic field that the composite fermions see. 7 A general zero mode is a linear combination,
In the flux attachment picture each of the vortices is attached to a particle. With N particles the antisymmetrised many-particle wave function is
where a p 1 ...p N is anti-symmetric. The ground state is unique if and only if a p 1 ...a N is unique (up to an overall constant) and this requires |m | = N with a p 1 ...a N ∝ p 1 ...a N . The unique (un-normalized) ground state is
This is the ground state for a system of non-interacting composite fermions each consisting of an electron bound to a vortex of strength 2k and subject to a background field consisting of a magnetic monopole of charge m. Wave functions of this form on a plane, and hence with a different geometrical factor, were considered by [12] and studied numerically in [13] .
There is an energy gap as before and the filling factor is
as N → ∞.
The system therefore describes the Laughlin series of the fractional quantum Hall effect.
The vortices can be removed by a singular gauge transformation,
This is Haldane's ground state for the quantum effect on a sphere, [2] , apart from the
) it is the Laughlin ground state [1] . This is a zero mode for N electrons in a background gauge field for a monopole of charge m < 0 with potential
but it is not unique. The most general zero mode for this configuration is
The degeneracy is determined by the number of components of the anti-symmetric coefficients a It would be interesting to apply similar techniques to the higher dimensional quantum Hall effect [14] , [15] in which S 2 is replaced by S 4 and the spinors are cross-sections of an SU (2) bundle, but we leave that to future work. z = 0, which can be represented by
However this potential also gives an anti-vortex, of strength −v, at the S pole: the antipodal point is given by z → 1 z , which sends a → −a. This is perhaps clearer using polar co-ordinates, (θ, φ), in which a = vdφ which represents an infinite straight flux tube in 3-dimensions, threading through both the N-pole and the S-pole of the sphere. The total flux through the sphere arising from f = da is zero.
The position of the vortex through the N-pole can be moved around by using
representing a vortex of strength v through the point z 1 , but there is still an anti-vortex through the S-pole for any finite z 1 . However the vortex at the S-pole can be removed by adding a uniform magnetic field with a semi-infinite solenoid threading the S pole and terminating at the centre of the sphere,
giving the field strength
This is perfectly regular at the S pole and represents a magnetic monopole of charge −v at the centre of the sphere together with a point vortex of strength v at z 1 , the total flux is zero ( figure 1 ). It is actually like a Dirac monopole with it's accompanying string threading the sphere at z 1 , but a Dirac string is a gauge artifact, a vortex is not. If in addition a background monopole field with charge m is present then the total gauge potential on the northern hemisphere is
where m = m − (N − 1)v, and the field strength is
On the southern hemisphere we take the potential to be
which is perfectly well defined as |z| → ∞. Again What we have done here is taken |m| monopoles each of charge ±1 (depending on the sign of m) and promoted the Dirac strings on N − 1 of them to be real vortices at z i , but leaving |m | of them as Wu-Yang monopoles, for which the Dirac string is a gauge artifact.
The configuration is indistinguishable from that of a monopole of charge m together with 
